Mathematics 13 : Elementary Statistics

Unit 2 : Section 6

The Central Limit Theorem

When a sample of n independent data
values are randomly selected from a
population with (1) any shaped distribution,
(2) any mean Uy, and (3) any standard
deviation 0y, the sampling distribution of
the sample mean x has (1) an approximate
normal distribution, (2) a mean U; = Uy,
and (3) a standard deviation o.=0,/Vn.
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The results of the Central Limit Theorem
F apply to any population. o
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{,;The s'ample_ ({The random selection of one data value does }
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When a sample of n independent data
values are randomly selected from a
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i w';% TH"é normal probability _distxjibufion is used ’ro';&,;
approximate probabilities involving the sample mean x. -
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The Central Limit Theorem

When a sample of n independent data
values are randomly selected from a
population with (1) any shaped distribution,
(2) any mean Uy, and (3) any standard
deviation 0y, the sampling distribution of
the sample mean X has (1) an approximate
normal distribution, (2) a mean U; = Uy,
and (3) a standard deviation o.=0,/Vn.

As the sample size increases, the
approximatfion becomes more accurate.
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(’ The standard deviation of the sample mean is the population }
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tandard deviation divided by the square root of the sample siz
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The mean of the sampling distribution of the
" sample mean is equal to the mean of the
. L . i
population from which the sample was collected.

My = [y
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When a sample of n independent data
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The standard deviation of the sampling distribution of the
sample mean is equal fo the standard deviation of: the =
population from which the sample was collected divided by

the square root of the sample size.
Oz = O-X/ \/;
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The Central Limit Theorem
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The variance of a random variable X is the
square of the standard deviation. It is
denoted by

Consequently, the standard deviation of a
random variable X is the square root of the
variance.
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The Central Limit Theorem

So, under the conditions of the Central Limit
Theorem, the normal probability distribution
can be used to approximate probabilities
involving the sample mean.

For the TI-84 calculator,

P norinalcdf(L,U,/JX ’O'x/\/;)

P, = invNorm (k/lOO M ,O'X/\/;)
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Example 1

In the general population, IQ scores have a
mean of 100 and a standard deviation of 15.
In a classroom containing 32 students, what
is the chance that the mean IQ score for
these students is over 101?

The results of the Central Limit Theorem
- can be applied fo probablll'ry problems
j{“ involving the sample mean.
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Example 2

In the general population, IQ scores have a
mean of 100 and a standard deviation of 15.
In a classroom containing 32 students, what
values of the mean IQ score for these
students would be considered an unusually
high mean IQ score?

" The results of the Central Limit Theorem
can be ~applied to probablll'ry problems
~involving the sample mean.
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Example 3

The duration of human pregnancy follows a
normal distribution with a mean of 274.5
days and a standard deviation of 13.6 days.

An obstetricians practice is currently

treating 25 pregnant women. Would it be
unusual if the mean duration of pregnancy
for these women were to be no more than

270 days The results of the Central Limit Theorem can
be applied to probability problems involving
& the sample mean.
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Example 1

Prs101 = normalcdf(L,U,,uX,O'X/\/;)

= normaledf (101,9£99,100,15//32)
~0.353

Thus, in a classroom containing 32 students,
there is a 35.3% chance that the mean IQ
score for these students is over 101.
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Example 2

unusually high-mean IQ scores )
k = 95% 5% -

P,s = invNorm(0.95,100,15//32)
~104.4

Thus, in a classroom containing 32 students,
a mean IQ score of 104.4 or greater would
be considered an unusually high mean IQ
score for these students.

Lesson 29 : The Central Limit Theorem

Example 3
U. = iy, =274.5

\_ 0,=0,/n =136/25
minimum 270
Prery = normaledf (0,270,274.5,13.6//25 )
=~0.049 <0.05

Thus, it would be unusual if the mean
duration of pregnancy for these 25 women
were to be no more than 270 days since
the probability that this would occur by
chance 0.049 is less than or equal to 0.05.
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Example 4

The duration of human pregnancy follows a
normal distribution with a mean of 274.5
days and a standard deviation of 13.6 days.

An obstetricians practice is currently
treating 25 pregnant women. Find the
narrowest interval that has a 98% chance
of containing the mean duration of
pregnancy For these women.

LThe results of the ¢ CenfmllemVr Theorem can be applled ’ro%

Fe “’”probablll’ry problems involving the sample mean s
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Example 4

Thus, the narrowest interval that has a
98% chance of containing the mean
duration of pregnancy for these 25 women
ranges from 268.2 to 280.8 days.
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Example 5

Q5. What is your college GPA?

1, ~3277 o, ~0455
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Example 4
1 =2745 o,=136/\25
1% 1%
U = invNorm(0.99,274.5.13.6//25 )
~280.8
L = invNorm(0.01,274.5.13.6//25
~268.2

The narrowest |nferval is the range of values from L to U
B, R 'symmetric about the mean. i_sﬁ “W**
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Example 5

If six students were randomly selected
from the Sierra College Elementary
Statistics Student Survey, what is the
probability that the mean GPA for this
sample will be between 3.1 and 3.4?
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Example 5

U= 3l o, = 0455 n==6

Do normalcdf(3.1,3.4,3.277,0.455/ J6 )
~0.576

If six students were randomly selected
from the Sierra College Elementary
Statistics Student Survey, the probability
that the mean GPA for this sample will be
between 3.1 and 3.4 is 57.6%.
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Example 6

If six students were randomly selected
from the Sierra College Elementary
Statistics Student Survey, what interval
would contain the mean GPA for this
sample 95% of the time?
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Example 6

If six students were randomly selected
from the Sierra College Elementary
Statistics Student Survey, the interval from
291 to 3.64 would contain the mean GPA
for this sample 95% of the time.
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Example 6

U = invNorm(0.975,3.277,0.455/\/6)
~3.64

L = invNorm(0.025,3.277,0.455//6
~2091

W =3.277
0. ~0455/\/6

Lesson 29 : The Central Limit Theorem

Copyright © 2012 Supportive Learning Solutions, LLC
All rights reserved.




Elementary Statistics
'S Unit 2 : Section 6 Exercises

Your solutions should be clear, complete, and sufficiently detailed in order
to demonstrate your understanding and communicate your reasoning and
method of solving the problem.

Exercise 1

According to a study conducted at Purdue University, college students sleep an average of 7.65
hours per night with a standard deviation of 0.98 hours per night. These nightly sleep times of
college students displayed an approximate bell-shaped distribution.

(@) For arandomly selected college class that contains 32 students, find the probability that the
mean amount of sleep this sample of students had last night ranges from 7.5 to 8.5 hours.

(b) For arandomly selected college class that contains 32 students, find the values of the mean
amount of sleep per night that would be considered an unusually high mean amount of sleep.
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Elementary Statistics *
'S Unit 2 : Section 6 Exercises

Exercise 2

The lengths of California Kingsnakes (Lampropeltis getula californiae) are normally distributed with
a mean of 42.8 inches and a standard deviation of 9.7 inches.

Find the narrowest interval that has a 95% chance of containing the mean length for a random
sample of 16 California Kingsnakes.
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Elementary Statistics *
'S Unit 2 : Section 6 Exercises

Exercise 3

The weights of adult male Rhesus monkeys (Macaca mulatta) are normally distributed with a mean
of 7.71 kilograms and a standard deviation of 1.68 kilograms.

Would it be unusual if the mean weight for a random sample of 8 adult male Rhesus monkeys were
no more than 7 kilograms?

L 4 Page 3
Mathematics 13 4




Elementary Statistics

4

* Unit 2 : Section 6 Exercises
Exercise 4
For Golden Retrievers, the number of puppies (X) born in one litter is approximated by the following
probability distribution.
X Px
3 4.8%
4 6.5%
5 9.1%
6 12.0%
7 14.3%
8 15.2%
9 13.7%
10 10.3%
11 7.7%
12 6.4%
For a random sample of 12 Golden Retriever litters, find the narrowest interval that would accurately
predict the mean number of puppies per litter 98% of the time.
Page 4
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Elementary Statistics

Unit 2 : Section 6 Exercises

L 4
Exercise 5
The number of M&M’s (X) contained in one 8.2 ounce bag of Milk Chocolate Plain M&M’s is
approximated by the following probability distribution.
X Px
269 0.0014
270 0.0143
271 0.0637
272 0.1622
273 0.2580
274 0.2627
275 0.1672
276 0.0608
277 0.0097
For a random sample of 20 8.2 ounce bags of Milk Chocolate Plain M&M’s, find the narrowest
interval that would accurately predict the mean number of M&M'’s per bag 99% of the time.
4
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Elementary Statistics

Unit 2 : Section 6 Solutions

Your solutions should be clear, complete, and sufficiently detailed in order
to demonstrate your understanding and communicate your reasoning and
method of solving the problem.

Exercise 1

L 4

According to a study conducted at Purdue University, college students sleep an average of 7.65
hours per night with a standard deviation of 0.98 hours per night. These nightly sleep times of
college students displayed an approximate bell-shaped distribution.

(@) For arandomly selected college class that contains 32 students, find the probability that the
mean amount of sleep this sample of students had last night ranges from 7.5 to 8.5 hours.

The results of the Central Limit Theorem can be applied since this
problem involves the mean for a random sample of size n = 32.

normalcdf oy . 5. 5.
?;?.65=E.98fit32

LBPETLZABST|  Prswss = Prsexens = 80.7%

For a randomly selected college class that contains 32 students, the
probability that the mean amount of sleep this sample of students
had last night ranges from 7.5 to 8.5 hours is 80.7%.

(b) For arandomly selected college class that contains 32 students, find the values of the mean
amount of sleep per night that would be considered an unusually high mean amount of sleep.

1nVHorme .. 95: ¥ . 65
G- P AT
T« 334955352

0.05

Pys = 7.93 hours

For a randomly selected college class that contains 32 students, the
values of the mean amount of sleep per night that would be
considered an unusually high mean amount of sleep would be 7.93
hours or more of sleep per night.

Mathematics 13
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Elementary Statistics

4

4

Exercise 2

Unit 2 : Section 6 Solutions

The lengths of California Kingsnakes (Lampropeltis getula californiae) are normally distributed with
a mean of 42.8 inches and a standard deviation of 9.7 inches.

Find the narrowest interval that has a 95% chance of containing the mean length for a random

sample of 16 California Kingsnakes.

The results of the Central Limit Theorem can be applied since this
problem involves the mean for a random sample of size n = 16.

0.025

1nvHorme . 975 42,
e B o i
o291 267
inglenntiges o2
0025 |°° 7" B4 7ESTII

v

U = 47.6 inches

L = 38.0 inches

Thus, the narrowest interval that has a 95% chance of containing the
mean length for a random sample of 16 California Kingsnakes ranges

from a low of 38.0 inches to a high of 47.6 inches.

Page 2
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Elementary Statistics
'S Unit 2 : Section 6 Solutions

Exercise 3

The weights of adult male Rhesus monkeys (Macaca mulatta) are normally distributed with a mean
of 7.71 kilograms and a standard deviation of 1.68 kilograms.

Would it be unusual if the mean weight for a random sample of 8 adult male Rhesus monkeys were

no more than 7 kilograms?

The results of the Central Limit Theorem can be applied since this
problem involves the mean for a random sample of size n = 8.

27 .
=T

aormalcdf cd
1:1.62-]0C3
11597

i v
T 2
ar

pnomorethan7 = p)_(g7 =~ 0116

No. It would not be unusual if the mean weight for a random sample
of 8 adult male Rhesus monkeys were no more than 7 kilograms since
the probability that this would occur 0.116 is not 0.05 or less.

L 4
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Elementary Statistics

4

Exercise 4

4

Unit 2 : Section 6 Solutions

For Golden Retrievers, the number of puppies (X) born in one litter is approximated by the following

probability distribution.

Px

4.8%

6.5%

9.1%

12.0%

14.3%

15.2%

Oolo|N]|]lojlo]lbd]lw] X

13.7%

—_
o

10.3%

—_—
-

7.7%

12

6.4%

1-Yar Stats
H=7 « or S
LH=TET .4
cxe=n4 75, 2

+r=18H

Swx=
Tx=2. 4169652867

U, =7.67

o, =242

The results of the Central Limit Theorem can be
applied since this problem involves the mean for a

random sample of size n = 12.

For a random sample of 12 Golden Retriever litters, find the narrowest interval that would accurately
predict the mean number of puppies per litter 98% of the time.

1nwHorme . 99

PR S A

9, 2951
1nwHorme . |1

PR S A

0.01 5. 0445

v

L = 6.0 puppies per litter

U = 9.3 puppies per litter

For a random sample of 12 Golden Retriever litters, the narrowest
interval that would accurately predict the mean number of puppies
per litter 98% of the time ranges from a low of 6.0 o a high of 9.3
puppies per litter.
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Elementary Statistics

'S Unit 2 : Section 6 Solutions

L 4

Exercise 5

The number of M&M’s (X) contained in one 8.2 ounce bag of Milk Chocolate Plain M&M’s is
approximated by the following probability distribution.

= ey
= | oo Ex=27 3. 4882
270 0.0143 exe=ygd i, 3912
271 0.0637 D=
7 1620 ¢g§?1.49496836
273 0.2580
274 0.2627
275 0.1672 Uy =273.48 oy =140
276 0.0608 The results of the Central Limit Theorem can be
277 0.0097 applied since this problem involves the mean for a

random sample of size n = 20.

For a random sample of 20 8.2 ounce bags of Milk Chocolate Plain M&M’s, find the narrowest
interval that would accurately predict the mean number of M&M'’s per bag 99% of the time.

1nvHorme . 995, 273
458, 1.48-TC 20 2
_ 2rd. 2863621
1vHorme . BES, 275
458, 1.48-TC2AX 2
01.005 0.005 2rl.Braniy3

v

U =274.3 M&M's per bag
L =272 M&M's per bag

For a random sample of 20 8.2 ounce bags of Milk Chocolate Plain
M&M'’s, the narrowest interval that would accurately predict the
mean number of M&M'’s per bag 99% of the time ranges from a low
of 272.7 to a high of 274.3 M&M'’s per bag.
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