VECTORS 
 (A)  A VECTOR  (A DIRECTED LINE SEGMENT) IS A QUANTITY HAVING BOTH MAGNITUDE (LENGTH) AND DIRECTION.
(A) EXAMPLES: 
 (i)   A VELOCITY OF 60 MPH NORTH
  (ii) A  FORCE OF  500 POUNDS EAST
 (iii) A FORCE OF  20 POUNDS,  30 DEGREES 

         FROM THE HORIZONTAL 
           In all cases, the vector points in the direction of movement.
(B) GEOMETRIC VECTORS:   IF WE ORDER THE POINTS ON THE VECTOR SUCH THAT THEY PROCEED FROM P (THE INITITIAL/STARTING POINT)  TO Q

(THE TERMINAL/ENDING POINT), WE CALL 
[image: image188.png]


  

A GEOMETRIC VECTOR, SOMETIMES CALLED THE DIRECTED LINE SEGMENT FROM P TO Q.
VECTOR v = 
[image: image2.wmf]PQ

   [image: image1.wmf]PQ


Contrast  this with
line  
[image: image3.wmf]PQ
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 and
line
line segment
[image: image4.wmf]PQ


NOTATION  FOR VECTORS: BOLDFACE     v   or   
[image: image5.wmf]v

   
  (C)  EQUALITY OF VECTORS:  TWO VECTORS ARE EQUAL  IF THEY HAVE THE SAME MAGNITUDE   (LENGTH)  AND THE SAME DIRECTION.
EXAMPLE: 
(D)  ADDING VECTORS GEOMETRICALLY:  ( TWO METHODS)
(1)   PARALLELEGRAM RULE:
TO ADD VECTORS, TRANSLATE* THE VECTORS SUCH THAT THEIR INITIAL POINTS COINCIDE, DRAW THE RESULTING PARALLELEGRAM,  AND DRAW THE RESULTING DIAGONAL.  THIS DIAGONAL REPRESENTS THE GEOMETRIC SUM OF THE VECTORS,  (THE RESULTANT VECTOR)
EXAMPLE:   
[image: image6.wmf]v

u
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*A vector v is said to undergo a translation when it is moved parallel to itself, without changing its magnitude or direction.
EXAMPLE:   
[image: image7.wmf]v
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GIVEN 
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, FIND 
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NOTICE THAT 
[image: image10.wmf]v

-

  HAS THE THE SAME MAGNITUDE
(LENGTH) AS 
[image: image11.wmf]v

 ,BUT IN THE OPPOSITE DIRECTION AS 
[image: image12.wmf]v

.  

EXAMPLE:   
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REWRITE AS    
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(2)   TRIANGLE  RULE:  ANOTHER WAY TO ADD THE VECTORS  
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  IS TO TRANSLATE THE VECTORS  
[image: image16.wmf]'

(such that) THE TERMINAL POINT OF  
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   COINCIDES 
            WITH THE INITIAL POINT OF 
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, THEN COMPLETE 
    THE TRIANGLE.
EXAMPLE:   
[image: image19.wmf]v
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(E)  VECTOR OPERATIONS :  GIVEN VECTORS u,v and 

w FOR ANY REAL NUMBERS (SCALAR MULTIPLES) 
[image: image20.wmf]a

  AND 
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                 (2)  
[image: image23.wmf]()()

uvwuvw

++=++


               (3) 
[image: image24.wmf]00

vvv

+=+=

            
[image: image25.wmf]0

 is  the 0 vector.   *

              (4)  
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*  (6) 
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  [The 0 on the left of  v is the number 0; the 0 on the right is  the 0 vector .] The 0 vector is a vector with no magnitude and no direction.     The 0 vector is just a point.  
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[image: image29.wmf]1

vv

=

                (8) 
[image: image30.wmf]1

vv

-=-


 (9)  
[image: image31.wmf](

)

vvv

abab

+=+

    
(10)
[image: image32.wmf](

)

vwvw

aaa

+=+


 (11)  
[image: image33.wmf](

)

(

)

vv

abab

=

         (12) 
[image: image34.wmf](

)

(

)

vv

abab

=


SCALING VECTORS / MORE EXAMPLES OF ADDING VECTORS  
IF v IS A VECTOR, THE SYMBOL 
[image: image35.wmf]v

  REPRESENTS THE MAGNITUDE( THE LENGTH)  OF v  ( A NUMBER).      
(F) THE PROPERTIES OF   
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:

(  
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  REPRESENTS A SCALAR MULTIPLE, A REAL NUMBER)

  (1) 
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          (2)  
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 if and only if v is the 0 vector. 

                                          (Since the 0 vector is just a point, its length 

                                            is zero.)  

  (3) 
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 (G)  A unit vector ,u, is a vector that has a magnitude (length) of one.

      That is, 
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  AN ALGEBRAIC VECTOR     v  IS REPRESENTED AS 

[image: image43.wmf],
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.  THE INITIAL POINT IS (0,0) AND THE TERMINAL POINT IS (a,b).
a     IS THE  HORIZONTAL COMPONENT AND 

b     IS THE  VERTICAL COMPONENT 

OF THE VECTOR    [a & b are real numbers (scalars). ]
POSITION VECTOR
SUPPOSE THAT v IS A VECTOR WITH INITIAL POINT   
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, (NOT NECESSARILY THE ORIGIN), AND TERMINAL POINT 
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.  IF  v = 
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   , THEN v IS EQUAL TO THE POSITION VECTOR v 
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THE INITIAL POINT OF THE  POSITION VECTOR v  IS  (0,0).
THE TERMINAL  POINT   IS    
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EXAMPLE:     FIND THE POSITION VECTOR OF THE VECTOR  
v = 
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  IF   
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THE POSITION VECTOR IS v 
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The initial point of this position vector
is (0,0).
What do you notice about

“both” vectors ?
EXAMPLE:      FIND THE POSITION VECTOR OF THE VECTOR  
v = 
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  IF   
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THE POSITION VECTOR IS v 
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The initial point of this position vector
is (0,0).
What do you notice about

“both” vectors ?

  EQUALITY OF VECTORS: AGAIN, TWO VECTORS ARE EQUAL  IF THEY HAVE THE SAME MAGNITUDE AND THE SAME DIRECTION.  THIS IS EQUIVALENT TO THE CORRESPONDING COMPONENTS BEING EQUAL:

TWO VECTORS v AND w ARE EQUAL IF AND ONLY IF THEIR
 CORRESPONDING COMPONENTS ARE EQUAL.  THAT IS,  IF

 v  
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 AND w 
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 THEN v = w  IF AND ONLY IF    
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  Two popular unit vectors are 
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j

=

.
NOTICE THAT 
EACH   UNIT VECTOR HAS MAGNITUDE ONE.   
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The initial point of  each of these  unit  vectors    is (0,0).
THESE  UNIT VECTORS ALLOW US TO DEFINE THE POSITION VECTOR  v   AS

[image: image69.wmf],
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THAT IS,   
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EXAMPLE:  
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 VECTOR OPERATIONS  

LET v = 
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AND  w =  
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 BE TWO VECTORS, AND FOR ANY SCALAR (REAL NUMBER)   
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 (a)  v + w = 
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(b)  v 
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(c) 
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 (d)  
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    IS  THE MAGNITUDE
OF VECTOR   v = 
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UNIT VECTOR IN THE DIRECTION OF v:  
         RECALL THAT A VECTOR  u  IS A UNIT VECTOR  

          FOR WHICH 
[image: image93.wmf]1
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.  FOR ANY NONZERO VECTOR  v,   

         THE VECTOR   u =   
[image: image94.wmf]v

v

  IS A UNIT VECTOR THAT  

          HAS THE SAME DIRECTION AS v.

v   CAN BE EXPRESSED AS   
[image: image95.wmf]v
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u
THE PROOF IS IN THE TEXTBOOK.
EXAMPLE:  FIND A UNIT VECTOR IN THE SAME DIRECTION AS v = 
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SOLUTION:
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 u = 
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  FINDING  A VECTOR FROM  ITS DIRECTION AND MAGNITUDE
VELOCITY VECTOR:        A VECTOR REPRESENTING SPEED AND DIRECTION
EXAMPLE:  A ROCK THROWN AT AN INITIAL SPEED OF 60 MPH AT AN ANGLE  
[image: image99.wmf]o
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 FROM THE HORIZONTAL.  

THE MAGNITUDE OF THE VECTOR  IS  
[image: image100.wmf]MPH
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 AND THE DIRECTION OF THE VECTOR  IS  
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FORCE  VECTOR:        A VECTOR REPRESENTING FORCE AND DIRECTION
 EXAMPLE:  A  FORCE OF 50 POUNDS PUSHING A BOX  IN THE EASTERN DIRECTION      THE DIRECTION OF FORCE IS  
[image: image102.wmf]o
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THE MAGNITUDE OF THE VECTOR  IS  
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 AND THE DIRECTION OF THE VECTOR  IS  
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A  VECTOR  v    HAVING MAGNITUDE
[image: image105.wmf]v

  CAN BE EXPRESSED AS   v = 
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WHERE  
[image: image107.wmf]a

   IS THE ANGLE BETWEEN THE VECTOR V AND THE UNIT VECTOR     
[image: image108.wmf]i
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THE PROOF BEGINS WITH THE FACT THAT 
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       VECTORS 

(1) A VECTOR IS A QUANTITY HAVING BOTH MAGNITUDE (LENGTH) AND DIRECTION.

(A) EXAMPLES: 
  (i)  VELOCITY 60 MPH NORTH
  (ii)  FORCE OF  500 POUNDS EAST
 (iii)  FORCE OF  20 POUNDS  30 DEGREES 
         FROM THE HORIZONTAL 
(B) GEOMETRIC VECTORS:   IF WE ORDER THE POINTS ON THE VECTOR SUCH THAT THEY PROCEED FROM P (THE INITITIAL/STARTING POINT)  TO Q
(THE TERMINAL/ENDING POINT), WE CALL  
[image: image110.wmf]PQ
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A GEOMETRIC VECTOR, SOMETIMES CALLED THE DIRECTED LINE SEGMENT FROM P TO Q.
VECTOR v = 
[image: image111.wmf]PQ
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          LINE  
[image: image112.wmf]PQ
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  LINE SEGMENT
[image: image113.wmf]PQ




THE MAGNITUDE OF VECTOR v = 
[image: image114.wmf]PQ
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  IS THE DISTANCE FROM POINT P TO POINT Q.
(C)  EQUALITY OF VECTORS:  TWO VECTORS ARE EQUAL  IF THEY HAVE THE SAME MAGNITUDE AND THE SAME DIRECTION.
(D) ADDING VECTORS GEOMETRICALLY:  
TO ADD VECTORS, PLACE THE VECTORS SUCH THAT THEIR INITIAL POINTS  COINCIDE, 

DRAW THE RESULTING PARALLELEGRAM
DRAW THE RESULTING DIAGONAL; THIS DIAGONAL REPRESENTS THE GEOMETRIC SUM OF THE VECTORS,


(E)  VECTOR OPERATIONS :  GIVEN VECTORS u,v and 
w FOR ANY REAL NUMBERS (SCALAR MULTIPLES) 
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  AND 
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  [The 0 on the left is the vector 0; the 0 on the right is the number 0.] 
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(2) THE MAGNITUDE (LENGTH)  AND DIRECTION ANGLE OF A VECTOR  
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[image: image130.wmf]IS GIVEN BY

THE MAGNITUDE IS   
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THE DIRECTION ANGLE 
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 SATISFIES 
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(A) THE HORIZONTAL AND VERTICAL       COMPONENTS, RESPECTIVELY,OF A

VECTOR  v    HAVING MAGNITUDE

[image: image137.wmf]v

 AND DIRECTION ANGLE 
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              THAT IS, 
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(B) THE PROPERTIES OF   
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:
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 REPRESENTS A SCALAR MULTIPLE, A REAL NUMBER)
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                     (2)  
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 if and only if 
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 (C)  A unit vector ,u, is a vector that has magnitude (length) 1.

      That is, 
[image: image149.wmf]1
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Two popular unit vectors are 
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(D) THE ALGEBRAIC  VECTOR v    IS  v 
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HERE, THE INITIAL POINT IS (0,0) AND THE TERMINAL POINT IS (a,b).  IN THIS CONTEXT, WE REFER TO

 v 
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 AS A POSITION VECTOR.  
(3)  SUPPOSE THAT v IS A VECTOR WITH INITIAL POINT 
[image: image160.wmf](
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, NOT NECESSARILY THE ORIGIN, AND TERMINAL POINT 
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, THEN v IS EQUAL TO THE POSITION VECTOR v = 
[image: image163.wmf]2121
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(4)  EQUALITY OF VECTORS: AGAIN, TWO VECTORS ARE EQUAL  IF THEY HAVE THE SAME MAGNITUDE AND THE SAME DIRECTION.  THIS IS EQUIVALENT TO THE CORRESPONDING COMPONENTS BEING EQUAL:

TWO VECTORS v AND w ARE EQUAL IF AND ONLY IF THEIR CORRESPONDING COMPONENTS ARE EQUAL.  THAT IS,  IF v = 
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 AND w = 
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 THEN v = w IF AND ONLY IF   
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 (5)     i,j FORM FOR VECTORS 
IF  v = 
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 EMBED Equation.DSMT4 [image: image172.wmf]aibj
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WE CALL a AND  b THE HORIZONTAL AND VERTICAL COMPONENTS OF v, RESPECTIVELY.  FOR EXAMPLE, IF v = 
[image: image173.wmf]2,424
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, THEN -2 IS THE HORIZONTAL COMPONENT AND 4 IS THE VERTICAL COMPONENT.
(6) VECTOR OPERATIONS  

LET v = 
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 AND  w = 
[image: image175.wmf]2222

,

aibjab

+=

 BE TWO VECTORS, AND FOR ANY SCALAR 
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                (a)  v + w = 
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 EMBED Equation.3 [image: image183.wmf]
(7)   UNIT VECTOR IN THE DIRECTION OF v:  

         RECALL THAT A VECTOR  u IS A UNIT VECTOR  

          FOR WHICH 
[image: image184.wmf]1
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.  FOR ANY NONZERO VECTOR v,   
          THE VECTOR    u = 
[image: image185.wmf]v

v

 IS A UNIT VECTOR THAT  

          HAS THE SAME DIRECTION AS v.

            PROOF:

u = 
[image: image186.wmf]v

v

   IS EQUIVALLENT TO v = 
[image: image187.wmf]vu
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