THE SECOND DERIVATIVE

Given a function 
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, we can find its  

First derivative 
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    Second derivative 
[image: image3.wmf]''()0.063

Sxx

=-+


Third  derivative 
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That is, to take multiple derivatives, simply take the derivative of the previous function.

                           We will focus on the Second Derivative.  

The second derivative tells us how fast or slow the rate of change is occurring.  For instance, some functions are increasing at a fast rate, and some are increasing at a slow rate.

We can think of the second derivative as the rate of change of the rate of change.

If 
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 the second derivative can be denoted by 
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  or  
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Recall that if  
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 on an interval,  
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 is increasing on that interval.
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 the slopes of the tangent lines, are all positive since all the tangent lines are slanted upward, from lower left to upper right.]
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Recall that if  
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 on an interval,  
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 is decreasing on that interval.

[
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 the slopes of the tangent lines, are all negative since all the tangent lines are slanted downward, from upper left to lower right]
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It follows that if  
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 on an interval,  
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 is decreasing on that  interval and if  
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 on an interval,  
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 is increasing on that  interval.

What does it mean that 
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 is increasing on an  interval ?

(1) Consider the graph below, which is an increasing function, where 
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slope of the tangent line at some generic point 
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  Here, 
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 is an increasing function since the slopes of the tangent lines, denoted by 
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are becoming larger and larger (because the corresponding tangent lines are becoming steeper and steeper)  as we move along the interval from left to right, as x  increases.

As 
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  increases.
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Since 
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 is increasing on that  interval, 
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 on that interval.  When 
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,  the graph is concave up (CU) on the interval   since   the graph lies above all its tangent lines in that interval. 

 [ Concave up 
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When an increasing function is concave up, it is increasing at an increasing rate, and 
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.  The function is increasing quickly.

(2) Consider the graph below, which is also an increasing function, where 
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slope of the tangent line at some generic point 
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  Here, 
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 is a decreasing function since the slopes of the tangent lines, denoted by 
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are becoming smaller and smaller (because the corresponding tangent lines are becoming less steep)  as we move along the interval from left to right, as x increases.
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As 
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  decreases. 
Since 
[image: image37.wmf]'

f

 is decreasing on that  interval, 
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 on that interval.  When 
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,  the  graph is concave down (CD) on the interval   since   the graph lies below all its tangent lines in that interval.  [ Concave down 
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When an increasing function is concave down, it is increasing at a decreasing  rate, and 
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.  The function is increasing slowly.

Generally speaking when 
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,  the rate of change of the function is increasing, and when 
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,  the rate of change of the function is decreasing.  

The second derivative tells us how fast or slow the rate of change is occurring.

 (3) Consider the graph below, which is a decreasing function, where 
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slope of the tangent line at some generic point 
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 Here, 
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 is an increasing function since the slopes of the tangent lines, denoted by 
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are becoming larger and larger (because the corresponding slopes are going from very small negative values to larger negative values*, and eventually to 0)  as we move along the interval from left to right, as  x  increases.

As 
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  increases.

*______________________________
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We consider -10 to be

a small negative value

and -1 larger negative 

value, since -1 > -10.

Numbers to the right

are larger than numbers

on the left.

Since 
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 is increasing on that  interval, 
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 on that interval.  When 
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,  the  graph is concave up on the interval   since   the graph lies above all its tangent lines in that interval.  

[ Concave up 
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When a decreasing function is concave up, it is decreasing at an increasing rate,  and 
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.  The function is decreasing quickly.

 (4) Consider the graph below, which is also a decreasing function, where 
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slope of the tangent line at some generic point 
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Here, 
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 is a decreasing function since the slopes of the tangent lines, denoted by 
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are becoming smaller and smaller (because the corresponding slopes are going from larger negative values to smaller negative values )  as we move along the interval from left to right, as x increases.


As 
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  decreases.

Since 
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 is decreasing on that  interval, 
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 on that interval.  When 
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, this  graph is concave down on the interval   since   the graph lies below all its tangent lines in that interval.  [ Concave down 
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When a decreasing function is concave down, it is decreasing at an decreasing rate,  and 
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.  The function is decreasing slowly.

           SUMMARY OF THE SECOND DERIVATIVE
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, the graph is concave up (CU), and  the rate of change of the function is increasing.  (See the graphs below.) 


              (a)                                                                  (b)

Both graphs are concave up.

Graph (a) is increasing at a fast rate.

Graph (b) is decreasing at a fast rate.

When 
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, the graph is concave up.

 
[image: image69.wmf]·

When 
[image: image70.wmf]''0

f

<

,  the graph is concave down (CD), and the rate of change of the function is decreasing.  (See the graphs below.) 


           (c)                                                         (d)

Both graphs are concave down.

Graph (c) is increasing at a slow rate.

Graph (d) is decreasing at a slow rate.

When 
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,  the graph is concave down.

The second derivative tells us how fast or slow the rate of change is occurring.

When the second derivative is positive, 
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 , for all x in the interval, a graph is CU in the interval.

When the second derivative is negative, 
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 , for all x in the interval,a graph is CD in the interval.

This study will enable us to find the intervals of concavity of a graph. 
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