      THE DERIVATIVE: THE INSTANTANEOUS  RATE OF CHANGE

To motivate the idea of instantaneous rates of change, let’s consider a whale population that is declining, as shown on the graph below, and we wish to reverse this trend, so that the population will begin to increase.   

Let  N(t) =  the whale population at the end of year t,  where t = 0 represents the end of  1990.     Points on the graph are of the form (t, N(t)).    

At the end of 1993, we implement conservation measures to increase the whale population.  Suppose we wish to find the average rate of change of the whale population over four years, from the end of 1994 to the end of 1998.  

Suppose at the end of 1994, the population is 1,000; 

this is the point _______. 

At the end of 1998, the population is 17,000; 

this is the point _______. 

The graph below depicts the whale population. 
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The average rate of change of the whale population over four years, from the end of 1994 to the end of 1998 is    
[image: image73.png]As h approaches zero, Q approaches-F.



    = 4,000 whales/year.
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This means that the whale population is increasing by an average of  4,000 whales each year during the time interval 
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 from the end of 1994 to the end of 1998.  We can also see this average rate of change as the slope of the secant line: 
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 (A secant line intersects the graph at two or more points.)

This average rate of change does not tell us the specific rate of change at given times.  It’s only an average; for example, at specific points in the interval, the rate of growth may be larger or smaller than the average.

Now suppose we wish to find the rate of change in the whale population at the end of a specific year to determine the effectiveness of the conservation measures at that given time.  To do this, we will need to find the slope of the tangent line at that point t (as opposed to the slope of the secant line over a time interval). (Informally, a tangent  line intersects the graph at exactly  one point.)

By definition, this is the instantaneous rate of change of the population at the end of the year t; that is the rate at which the population is changing (either increasing, decreasing, or no change at all) at the end of that given year.  

To find the instantaneous rate of change of the population at the end of the year t, we need to evolve the secant line into a tangent line.  Let’s consider the generic function y = f(x). 
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Here we have two points, P and Q,  that are h units apart on the x-axis.  The slope of the secant line is 
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.  To evolve the secant line into a tangent line, we will let Q approach P by letting h approach 0.  That is, point Q will move to the positions Q
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, all the way to the point P as h
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As h
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0, Q gets closer and closer to P and the secant line becomes a tangent line.  The slope of this tangent line is given by the formula 
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and is defined to be the derivative f’(x): the instantaneous rate of change of  f at x, [i. e. at the point  (x, f(x))] ; that is, the (instantaneous) rate of change of the  function f occurring exactly at that point (x, f(x)).  This rate of change will either be increasing, decreasing, or 0.

The derivative of  f, is denoted  by f’(x) =  
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Returning to the whale population, suppose we want to determine how effective our conservation measures are at the end of various years. 


Prior to the conservation measures being implemented, the instantaneous rate of change of growth is declining, illustrated by the fact that the slopes of the tangent lines at these various times (the derivatives) are _________. 

Where the curve flattens out, the rate of growth levels off (there is no growth), represented by the fact that the derivative is___ at that point, since the tangent line is a _______________ line, which  has a slope of  _____.

After the conservation measures are implemented, the growth rate beings to increase, represented by the fact that the derivatives at the end of these various times are _________.

From examining the derivatives, are the conservation measures more effective in the beginning or toward the end?

Interpretations of the Derivative using words, numbers and units

Recall N(t) =  the whale population at the end of year t,  where t = 0 represents the end of  1990.     Points on the graph are of the form (t, N(t)).    

N(6) = 9000  means that the population of whales at the end of 1996 is 9000 whales.  

What does N’(6) = 3000 mean ?  

We can model our interpretation based on the definition of the derivative f’(x): the instantaneous rate of change of  f at x, [i. e. at the point  (x, f(x))] ; that is, the (instantaneous) rate of change of the function f occurring exactly at that point (x, f(x)).  This rate of change will either be increasing, decreasing, or 0.

N’(6) = 3000 means that at the end of 1996, the whale population is increasing at a rate of 3000 whales/year.

N’(1) = -1000 means that at the end of 1991, the whale population is decreasing at a rate of 1000 whales/year.

Notice the units of the derivative: 

 The units of the dependent variable (the number of whales) divided by the units of the independent variable( year)

Suppose we had a sales function given by y = S(t) which gives that sales

(in millions of dollars) of a DVD t years after the date of release.

Interpret using words, numbers and units:

(a) S’(0) = 5                                                                (b) S’(2) =  -3

More Interpretations of the Derivative using words, numbers and units

in the context of revenue, cost and profit

Generally speaking, if we are given a cost function, such as
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, where C(x) denotes the cost of producing x items

and we wanted to find the cost of producing the 251st item, we would find the difference between the cost of producing the first 251 items and

the cost of producing the first 250 items.   That is,

The cost of producing the 251st item = C(251) – C(250)

= $99.80.

Another way of finding the cost of the 251st item (which will be an approximation)  is to evaluate the derivative of the cost function,  

when x = 250.

Marginal Cost: The extra cost incurred in producing an additional unit after a certain number of units have been sold and produced.  *

Marginal Revenue: The change in revenue realized after an additional unit is sold and produced after a certain number of units have been sold and produced.

Marginal Profit: The change in profit realized after an additional unit is sold and produced after a certain number of units have been sold and produced.

C’(250) = $100 * means that it costs approximately $100 to produce an additional unit after  250 units have been sold and produced.   That is, 

the cost of the 251st unit is approximately $100.

The interpretations of marginal revenue and marginal profit are similar.   Marginal = derivative

Example A:  Suppose a train whose distance from a starting point, in feet, at time t, in seconds is   
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 (This means in one second, the train has traveled 3 feet.)

In two seconds, 
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In three seconds, 
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In four seconds, 
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(1)  Find the average rate of change on the interval [1,2].

The average rate of change 
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.  This represents the average velocity  on the interval [1,2].


(2)  Find the average velocity over smaller time intervals by letting the distance, h, between the t values 
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	h = distance between the t values 
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	Average Velocity = Slope of the Secant Line = 
[image: image34.wmf]21

21

()()

ftft

tt

-

-


(measured in ft/sec)

	[ 1, 2 ]
	h = 2-1 = 1
	  9 ft/sec

	[ 1, 1.5 ]
	h = 1.5-1 = 0.5
	

	[ 1, 1.1 ]
	h = 1.1-1 = 0.1
	

	[ 1, 1.001 ]
	h = 1.001-1 = 0.001
	


As 
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  the slope of the secant line
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, and the secant line gets closer

to becoming a tangent line at t = 1. [at the point (1,3) ]

As 
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  we can find the instantaneous rate of change of distance (velocity) at t = 1, which is 6 ft/sec.  This means that at one second, the train is traveling at a rate of 6 ft/sec.

Recall that the definition of the derivative is
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This is the slope of the tangent line at any generic point  (x,f(x)).

This is the four step process to find  
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(Use all four steps as needed.)

(1)  From 
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(2)  Compute and simplify 
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(3)  Form the quotient 
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   Simplify this quotient.

(4)   Compute and simplify   
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Example B:  Use the four step process to find the slope of the tangent line to the graph at any generic point  (x,f(x)).

(i) 
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       ( This is a constant function; no matter what x is, f(x), the y-value will always be -3 i.e. y = -3.)


(ii) 
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(iii) 
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  Slopes and equations of tangent lines

Recall that the definition of the derivative
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 is the slope of the tangent line at a given point

 (x, f(x)).   

How to find the equation of the tangent line of a function at a given point

(A)  Find the slope of the tangent line, the derivative :


(1)  From 
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(2)  Compute and simplify 
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(3)  Form the quotient 
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   Simplify this quotient.


(4)   Compute and simplify   
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(B)  Evaluate 
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 at the given point ( x, f(x)).  That is, replace x by the given value in the formula for 
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 will be the slope of the tangent line at that specific point ( x, f(x) ).

(C)  Once you have the slope of the tangent line and the given point on the 

        tangent line,  use the point slope form  
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to obtain

        the equation of the tangent line in slope intercept form:

          y = mx + b.     

Example B:     Find the slope and equation of the tangent line to the graph of  
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    at the points  (a) (  1, 3)     (b) (2, 4)   and  (c) ( 3, 3)

    What observations can you make ? 


Example B  (Continued)

Example C:     Find the slope and equation of the tangent line to the graph of  
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Example C:     Continued

THREE WAYS HOW A FUNCTION CAN FAIL TO BE DIFFERENTIABLE AT A GIVEN POINT



















(1)  At a corner point,a, we have two 







     different tangent lines, 
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      each having different slopes, 
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the derivative, the slope 





     
     of the tangent line at that point a,

                                                                               does not exist.  (DNE).








(2)  By  definition, the derivative is 





    
the slope of the tangent line at a 





     
given point a.  Vertical tangent 



    


lines, as with all vertical lines,

                                                              have undefined slopes.  At the     

                                         

point where there is a vertical 






      tangent  line, the slope is undefined

               

    


 at that point; therefore, the function

                                                              fails to be differentiable at this 

                                                              point a on the graph.   


(3) By  a theorem, if a function 




is differentiable at a point, then 





it is continuous at that point.  





Thus, if a function is not  





continuous at that point, the

function is not differentiable at that point.
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