
ASYMPTOTES

An asymptote, loosely speaking,  of a graph is the line the graph gets closer and closer to, but generally never touches.

 A Rational Function   is of the form  
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 where p(x) and q(x) are polynomials.    Many rational functions have asymptotes.

       VERTICAL ASYMPTOTES                 

We call the line x = a (where a denotes a real number) a Vertical Asymptote (VA) of a rational function y = f(x).  If as  
[image: image3.wmf]xa

+

®

 (This means x approaches a from the right) or  as 
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(This means x approaches a from the left)   then 
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 (This means y approaches infinity or y approaches negative infinity.)

Example A: 
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[image: image8.wmf],

2

-

®

x









  As 
[image: image9.wmf],

2

+

®

x





[image: image10.wmf]-¥

®

y









   
[image: image11.wmf]¥

®

y

       
   



The graph above has a  VA  x = 2.

(I) To find the Vertical Asymptote (VA) ensure that the rational function is in lowest terms , and  then set the denominator equal to 0, and solve  for the variable.  The VA will be of the form x = a.

The graph of a function will never  intersect a vertical asymptote.

Example B:   Find the Vertical Asymptote(s)  (VA) of 
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Example C:   Find the Vertical Asymptote(s)  (VA) of 
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Example D:   Find the Vertical Asymptote(s)  (VA) of 
[image: image14.wmf]4

48

4

2

24

2

3

+

-

-

=

x

x

x

y


Example E:   Find the Vertical Asymptote(s)  (VA) of 
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HORIZONTAL ASYMPTOTES  

We call the line y = b   (where b denotes a real number) a Horizontal Asymptote (HA) of a rational function y = f(x).  

If as  
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 (This means x approaches infinity or negative infinity)  then 
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Example F:  
[image: image19.wmf]x

x

y

3

1

-

=

    This is equivalent to     
[image: image20.wmf]3

1

-

=

x

y


[image: image68.emf]                  



































x

y


As 
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The graph above has a  HA   y = -3.

What is the VA of this graph ?

To find a HA, we need to know about the definitions of a  degree

and a leading coefficient of a single variable polynomial.

The degree of a single variable polynomial is the largest exponent of the variable in that polynomial.

The leading coefficient of a single variable polynomial is the coefficient of the variable term with the largest exponent.   For instance the polynomial 
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  has degree _________ and  leading coefficient  _____.   (The degree of a real number is ______.)

(II)How to find a Horizontal Asymptote of a Rational  Function

To find the Horizontal Asymptote (HA), compare the degree of the numerator 
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 with the degree of the Denominator 
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 .  The HA will be of the form y = b.

(a)      If   
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, a proper rational function, y = 0 (x-axis), is the HA.    

(b)   If   
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, y = ratio of the leading coefficients is the HA. 
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(c)   If   
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, there is no HA, but we may have a slant (oblique) asymptote of the form y = mx + b. 
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The graph of a function may  intersect a horizontal asymptote. 

Example G:     Find the HA of                   
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Example H:     Find the HA of 
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Example I:     Find the HA of         
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Example J:     Find the HA of         
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SLANT (OBLIQUE) ASYMPTOTES

   If the degree of the numerator 
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 is one more than the degree of the denominator  
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, then  we have a Slant Asymptote (SA) of the form 

y = mx + b. 
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, where the degree of the numerator   
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 is one more than the degree of the denominator  
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, we can use

long division to express the rational function as 
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If the 
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(III)How to find a Slant (Oblique) Asymptote of a Rational  Function

(a) Express 
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 using long division.

(b)  The slant (oblique) asymptote is the line given by the equation 
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The graph of a function may  intersect a slant(oblique) asymptote.

Example K:     Find the Slant Asymptote (SA) of  
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Dividing 
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 Therefore,      
[image: image51.wmf]5

2

5

5

3

-

-

+

+

=

x

x

y

.

As 
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That is, as  
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 , the remainder gets smaller and smaller, and so the graph will approach the line given by the equation 
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Consequently, 
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 is the slant asymptote of 
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Example L:     Find the Slant Asymptote (SA) of  
[image: image61.wmf]3
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Also find the VA.

As mentioned, the graph of a function will never intersect a vertical

 asymptote.     However, the graph of a function may  intersect a

 horizontal    or a  slant (oblique) asymptote.  

(IV) To find where find the points, if any, at which the graph of the rational function intersects the horizontal or slant asymptotes, set the equation of rational function equal to the equation of the asymptote. 

Example M:    Find  the point  where  
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crosses its asymptote.

We know that since ____________ , the line _________ is the ______________ asymptote.

Setting the equations equal, we have:

Example N:    Find  the point (if any)  where  
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crosses its asymptote.

Example O:    Find  the point (if any) where  
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crosses its asymptote.

Example P:    Find  the point (if any) where  
[image: image65.wmf]x
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crosses its asymptote.

Example Q:    Find  the point (if any) where  
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crosses its asymptote.

Example R:    Find  the point (if any)  where  
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crosses its asymptote.
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