THE REAL ZEROS  OF A POLYNOMIAL FUNCTION 

Theorem:  Division Algorithm for polynomials

When we divide two polynomials, divide f(x) by g(x), where the degree of f(x) is greater than the degree of g(x) and g(x) is not the zero polynomial, then 
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.  If we multiply both sides by g(x), we obtain

f(x) = q(x)g(x) + r(x)

f(x) = dividend

q(x) = quotient

g(x) = divisor

r(x) = remainder   [ r(x) will either be the zero polynomial (0)  or a polynomial of degree less than that of g(x). ]

If the divisor, g(x), is a first degree polynomial of the form 

g(x) = x – c, then the remainder, r(x), will be of the form 

r(x) = R, where R denotes some real number.  That is, R can be the zero polynomial ( 0 ) or a polynomial of degree 0 ( a nonzero real number).

Example A: 
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Example B: 
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(Since the remainder is 0,  
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  is a factor of 
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Since the remainder will always be some real number R, i.e.  r(x) = R  and g(x) will be of the form g(x) = x – c, then 

f(x) = q(x)g(x) + r(x) becomes, after making these substitutions,

f(x) = q(x)( x – c) + R, which is equivalent to 

f(x) = ( x – c)q(x) + R      (Rearrange terms.)

If x = c, then

x = c :  f(x) = ( x – c)q(x) + R  becomes

            f(c) = ( c – c)q(x) + R = (0)q(x) + R = 0 + R = R.

Therefore, when x = c,  f(c) = R.  This proves the following:

 Remainder Theorem: Let f be a polynomial function.  Then if f(x) is divided by x – c, then the remainder R is f(c), i.e. 

f(c) = R.

Remainder Theorem: Let f be a polynomial function.  Then if f(x) is divided by x – c, then the remainder R is f(c), i.e. 

f(c) = R.

Example 1: Find the remainder if 
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(a)  
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.  To find the remainder, find f(c) = f(3).     
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The remainder is – 14.  Since the remainder is not 0, then x – 3

is not a factor of 
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If the remainder were 0, x – 3 would be a factor of f.

(We will prove this soon.)

(b)  
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  Therefore, 
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To find the remainder, find f(c) = f(-2).     
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The remainder is – 29.  Since the remainder is not 0, then x – 3

is not a factor of 
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If the remainder were 0, x + 2 would be a factor of f.

(We will prove this soon.)

Factor Theorem: 

Let f be a polynomial function.  Then x – c is a factor of f(x) if and only if f(c) = 0.  

“if and only if” goes both ways.  There are two parts to this theorem:

(1) If f(c) = 0, then x – c is a factor of f(x).

Proof of part 1:   

f(x) = ( x – c)q(x) + R

From the remainder theorem, R = f(c).  Make the substitution:

f(x) = ( x – c)q(x) + R  becomes

f(x) = ( x – c)q(x) + f(c)

Since we were given f(c) = 0, f(x) = ( x – c)q(x) + f(c)

becomes, after making this substitution,  f(x) = ( x – c)q(x) + 0.

Therefore, f(x) = ( x – c)q(x).  This proves  x – c is a factor of f(x).

 (2) If x – c is a factor of f(x), then f(c) = 0.

Proof of part 2:

 If x – c is a factor of f(x), then there exists(
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such that(
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f(x) = ( x – c)q(x).    Let x = c, then this equation becomes

f(c) = ( c – c)q(x) = (0)q(x) = 0.  Therefore, f(c) = 0.

In summary, the Factor Theorem is

(1) If f(c) = 0, then x – c is a factor of f(x).

(2) If x – c is a factor of f(x), then f(c) = 0.

Example 2: Use the Factor Theorem to determine whether the function  
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    has the factor 

(a)  
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  part 2  of the Factor Theorem, we need to show f(c) = 0, where c = 1.    That is, show f(1) = 0.
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  Since f(1) = 0, x – 1 is

a factor of the function.

(b)  
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Therefore,  
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 part 2  of the Factor Theorem, we need to show f(c) = 0, where c = -3.    That is, show f(-3) = 0.  We could calculate

f(-3) as we did in part (a) or use synthetic division to find the remainder and use the Remainder Theorem, where f(c) = R:
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Factor Theorem that 
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 is not a factor of f(x).


Returning to part (a) of the previous example, we concluded 
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Theorem: A polynomial   function cannot have more real zeros than its degree.  *

That is, if a function f has degree n, the function f will have at most n real zeros.

For example, 
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 has degree n = 4, has at most ( no more than)  4 real zeros.      In this case, f has one real zero, 

x = -3.  

*Proof:

Descartes’ Rule of Signs:

Let f denote a polynomial function written in standard form

(the terms are in descending order, from largest degree to smallest degree).  

The number of positive real zeros of f either equals the number of variations in the sign of the nonzero coefficients of f(x) or equals that number less an even integer, 2,4,6 …

The number of negative real zeros of f either equals the number of variations in the sign of the nonzero coefficients of f(- x) or equals that number less an even integer, 2,4,6 …

Example 3: Use Descartes’ Rule of Signs to discuss the real zeros of the function  
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Since the polynomial is of degree 6, the function will have at most 6 real zeros.
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   have 3 variations of signs; 

therefore, the function has either 3 or 3 – 2 = 1 positive real zeros.
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Thus, 
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       has 3 variations of signs, 

the function has either 3 or 3 – 2 = 1 negative real zeros.

Rational Zeros Theorem:  Let f be a polynomial   function with integer coefficients with  integer degree one or higher (That is, we cannot have a 0 function or a constant function. ) 

The function will have the form 
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If 
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, in lowest terms, is a rational zero of f, then:

p must be a factor of   
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  (The constant term)  and 

q must be a factor of   
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[This theorem gives the potential rational zeros of f.]

Example 4: List the potential rational zeros of the function  
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  Comparing terms 
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p must be a factor of   
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, the constant term.   
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q must be a factor of   
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, the  leading coefficient.  
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All possible ratios of  
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After reducing fractions, we get 
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  Remove the repetitions to get 12 potential rational zeros:     
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    How to Find the Real Zeros of a Polynomial Function  

(1) Use the degree of the polynomial to determine the maximum number of real zeros.  (Recall, if a function f has degree n, the function f will have at most n real zeros.)

(2) Use  Descartes’ Rule of Signs  to determine the possible number of positive real zeros and negative real zeros.

(3) (a) Assuming the polynomial has integer coefficients, use the Rational Zeros Theorem  to identify   the potential rational zeros. 

(3) (b) Use substitution, synthetic division, or long division to test each potential rational zero. (If the remainder is 0,i.e. f(c) = R = 0 then the rational number will be a rational zero.) Repeat step (3) on the other factor (called the depressed equation).

(4) You can also use the quadratic formula and these factoring techniques to find the rational zeros of the depressed equation:

(Also factor out the GCF first.)
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(c)  
[image: image73.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

3322

ABABAABB

-=-++

  (d) 
[image: image74.wmf](

)

(

)

(

)

222

2()()

AABBAB

++=+

 (e) 
[image: image75.wmf](

)

(

)

(

)

222

2()()

AABBAB

-+=-

  (f)  
[image: image76.wmf]2

xbxc

++



 EMBED MathType 5.0 Equation [image: image77.wmf]®
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 EMBED MathType 5.0 Equation [image: image80.wmf]®
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(h) Four  Terms: Factor by Grouping.

Example 5: Using the four steps, find the  real zeros of the function  
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  Use this information to write this function in factored form.  [Recall if r is a real zero of a function, then   x – r is a factor of that function.] 

(1) Since the degree of the polynomial is 3, the function f will have at most 3 real zeros.)

(2) Using  Descartes’ Rule of Signs  to determine the possible number positive real zeros  
[image: image82.wmf]32

()21176.

fxxxx

=+--


and negative real zeros.

(3) (a) 

(3) (b) 

(4) 

Example 6: Using the four steps, find the  real zeros of the function  
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  Use this information to write this function in factored form.  [Recall if r is a real zero of a function, then   x – r is a factor of that function.] 

(1) Since the degree of the polynomial is 5, the function f will have at most  5 real zeros.)

(2) Using  Descartes’ Rule of Signs  to determine the possible number positive real zeros  
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and negative real zeros.

(3) (a) 

(3) (b) 

(4) 

Example 7:  Find   the real solutions of 
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Also find the complex solutions.

THE COMPLEX ZEROS  OF A POLYNOMIAL FUNCTIONS AND THE FUNDAMENTAL THEOREM OF ALGEBRA 

Recall a complex number is of the form    r = a + bi.

a = real part       and         b = imaginary part
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Also, all real numbers are also complex numbers.

Given a complex number 
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, its complex conjugate is defined to be      
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Any real number is its own complex conjugate.

When a complex number is multiplied by its complex conjugate, a real number results:  
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Definition A variable in the complex number system is called a complex variable.  A complex polynomial function f   of degree n is a function of the form:  
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where 
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are complex  numbers and n is a non negative integer i.e. n =0,1,2,3, …  and x is a complex variable.  
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A complex number r is called a complex zero of  f  if  f(r) = 0.

 Fundamental Theorem of Algebra: Any complex polynomial function f(x) of degree integer n, where n is greater than or equal to one,  has at least one complex zero.   

Theorem: Every complex polynomial function f(x) of degree integer n, where n is greater than or equal to one, can be factored into n linear factors ( not necessarily distinct) of the form 
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where 
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are complex  numbers. 

That is, every complex polynomial function f(x) of degree integer n, where n is greater than or equal to one,  has exactly n complex zeros, some of which may repeat.

Proof:

Conjugate Pairs Theorem: Let f(x) be a  polynomial function whose coefficients are real numbers.  If  
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 is a zero of f, then its complex conjugate 
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 is also a zero of f.

Proof:

Corollary: A  polynomial function  of odd degree: n =1,3,5, …  with real coefficients has at least one ( one or more)  real zero.  

Proof:



_1039864660.unknown

_1039865300.unknown

_1039865620.unknown

_1039866580.unknown

_1039866900.unknown

_1039865940.unknown

_1039866260.unknown

_427527480.unknown

_555272220.unknown

_810643076.unknown

_1028628112.unknown

_1039864340.unknown

_906308936.unknown

_943585036.unknown

_1028625872.unknown

_943586316.unknown

_906306056.unknown

_906306376.unknown

_906308616.unknown

_906308296.unknown

_555274400.unknown

_762787584.unknown

_810640196.unknown

_810642756.unknown

_810642436.unknown

_810641476.unknown

_762788544.unknown

_762786624.unknown

_555277600.unknown

_523337304.unknown

_554990268.unknown

_554987708.unknown

_480779860.unknown

_427527800.unknown

_158581496.unknown

_236349476.unknown

_427525240.unknown

_427525880.unknown

_427525560.unknown

_268125340.unknown

_353093992.unknown

_427524600.unknown

_353351412.unknown

_405176880.unknown

_405177200.unknown

_405177520.unknown

_405177840.unknown

_405178480.unknown

_405176560.unknown

_268126620.unknown

_353093672.unknown

_268126940.unknown

_268127900.unknown

_315838700.unknown

_315839020.unknown

_315839340.unknown

_315839660.unknown

_315839980.unknown

_315840300.unknown

_315840620.unknown

_315840940.unknown

_315841260.unknown

_315841580.unknown

_315841900.unknown

_315842220.unknown

_256164708.unknown

_256165028.unknown

_256165348.unknown

_256165668.unknown

_256165988.unknown

_256166308.unknown

_256166628.unknown

_256166948.unknown

_256164388.unknown

_256164068.unknown

_218295276.unknown

_218295596.unknown

_232874848.unknown

_232876768.unknown

_232877088.unknown

_232877728.unknown

_236212456.unknown

_236212776.unknown

_236213096.unknown

_236213416.unknown

_236213736.unknown

_236214056.unknown

_236214376.unknown

_236214696.unknown

_236215016.unknown

_236215336.unknown

_236215656.unknown

_236215976.unknown

_232877408.unknown

_167895504.unknown

_218293036.unknown

_218293676.unknown

_218292716.unknown

_202999576.unknown

_121866528.unknown

_158580856.unknown

