Math 31

Additional Exercises: Polar Graphs May 8, 2019

Consider the following:

1. Consider the two polar equations: r* =2sin26 and r = 2cosé

)

i)

ii)

Sketch the graph of these two polar equations in the same coordinate axis
system.

Find the values of 8 that generate the two points of intersection between
these two curves.

If we concentrate merely on the images within the first quadrant,
determine the area that lies within the graph of r* = 2siné and outside the
graph of r =2cosé. Recall that:

A= %I ﬁ((outer radius)2 —(inner radius)z)de

In the xy-plane, the lower edge of the bounded region whose area you
found in part iii is an arc on one of the graphs. Determine the length of
this arc. The means by which we compute the length of an arc described

2
by a polar equation is L = j 7 r? +(g—;j de

At the one point of intersection between these two curves that is in the first
guadrant, are these curves orthogonal (i.e., are their tangent lines
perpendicular)? The means by which we compute slopes of tangent lines

d;sin¢9+rcos¢9

for polar equations is dy _

dx d—rcose—rsine
do
Clearly sketch the graph of r 1
Y J 1-2cosf

Rewrite this polar equation as a rectangular equation by recalling (from
trigonometry) that x =rcos@, y =rsind, and r = /x> +y®

3. The graph of the equation r =@ is known as the Spiral of Archimedes.



)] Create a rough sketch or the polar graph of this equation.
i) Let A, represent the area bounded by the nth term of the spiral. Show

that Alzgf and A, :%f. Recall that A:%jﬂrzdﬁ
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Consider the following:

1. Consider the two polar equations: r* =2sin26 and r = 2cosé
i) Sketch the graph of these two polar equations in the same coordinate axis
system.
1)) Find the values of 8 that generate the two points of intersection between

these two curves.

We will set the r values equal to each other and solve for 4:

J2sin26 = 2cos @

2sin26 = 4cos® 6

4sinécosh = 4cos’ 6
4sinfcosl —4cos* 0 =0
cosf(sing—cosd)=0

cosf#=0 or sind-coséd=0

cosf#=0 or sind=cosd
cosfd=0 or tand=1

== or g="
2 4



iii) If we concentrate merely on the images within the first quadrant,

determine the area that lies within the graph of r? = 2sin@ and outside the
graph of r =2cosé. Recall that:

A= %I:((outer radius)2 —(inner radius)z)de
2
IA (23|n29 (2cos6) )d@

2sin26 —4cos®0)do
I )

4
j/z 2sin20 - 2(1+cos20))do

j/zzsmze 2-2c0s26)dd

A:%(—cosze—Ze—sinze) 7

—%(cos 20 +260 +sin20)

S )
i

A=1-2
4

iv) In the xy-plane, the lower edge of the bounded region whose area you
found in part iii is an arc on one of the graphs. Determine the length of
this arc. The means by which we compute the length of an arc described

by a polar equationis L = j (g;j déo



B dr \
L:J' r2+(—j de
a do

L= j %«/40052 0+ 4sin?0do
7

L= .[:/f\/4(cosz 0 + sin? H)de

L= I?\/Z\/cosz 6 +sin’0do

)
7z
L= 2d6
L
LZZQ%
7
L= (E_Zj
2 4
=2
2

At the one point of intersection between these two curves that is in the first
guadrant, are these curves orthogonal (i.e., are their tangent lines
perpendicular)? The means by which we compute slopes of tangent lines

dr .

. dy @smeﬂcose _

for polar equations is — = ar . So, we have the following:
dx @cose—rsine

For the first curve,

d—rsin9+rcose

dy _do
dx d—rcose—rsine
do

dy _ 4cos28sind +2sin26cosd
dx 4cos26cosé—-2sin20siné




And at 6 = % , the slope of the tangent line to this curve is

dy|  _ 2 2 _ 4
dx@% 4.0.£_2.1.72
2 2

For the second curve,

d—rsin9+rcosa

dy _do
dx d—rcose—rsine
de

dy _ —2singsing+2cosdcosd
dx -2sindcosfd—-2cosdsing

And at 9 = % , the slope of the tangent line to this curve is

ay| _ "2 2 2 2 _ "2 "2
dx|,_= 2 2 2 2 5,1 5,1
2. N2 Ne o N& N2
2 2 2 2 2 2

Consequently, these curves are indeed not orthogonal at 6 = % , for the

slopes of the tangent lines are not negative reciprocals of each other.
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i) Rewrite this polar equation as a rectangular equation by recalling (from
trigonometry) that x =r cos@, y =rsiné, and r = /x? +y?

o 1
1-2cosé
r(1-2cosf)=1
r—2rcosé =1
X?+y?-2x=1
m:2x+l
X? +y? =(2x+1)2
X?+y? =4x*+4x+1
y?=3x*+4x+1

y? :3(x2+ng+l



Which clearly describes in rectangular form a hyperbola whose center is

located at (—%,Oj and branches out in the horizontal direction.

3. The graph of the equation r =@ is known as the Spiral of Archimedes.

i) Create a rough sketch or the polar graph of this equation.




Let A, represent the area bounded by the nth term of the spiral. Show

that Alzgf and A, :§7r3. Recall that A:%jﬂrzdﬁ

. 1 2 2
First, we have that A :E.[o r-de

A=_n *)

Secondly, we anticipate that A, = %J.:”rzde. Note, however, that

A, # %J.:” 6°d@, for this counts the area of the first turn twice.

Consequently, we have that:
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