APPLICATIONS OF THE SECOND DERIVATIVE

CONCAVITY

A graph is concave up (CU) on an interval ( a, b )  if  the graph lies 

above all its tangent lines in that interval.  [ Concave up 
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When the second derivative is positive, 
[image: image2.wmf]''()0

fx

>

 , for all x in the interval, a graph is CU in the interval.

A graph is concave down (CD)on an interval    ( b, c )  if  the graph lies 

below all its tangent lines in that interval.  [Concave down 
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When the second derivative is negative, 
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 , for all x in the interval,a graph is CD in the interval.

(I) How to Find the Intervals of Concavity of a Graph 

(This is the concavity test.)

(1) Find the values of 
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 is undefined .  

These values of x do not need to be in the domain of f

(2)  Separate the number line into intervals using these values .

(3)  Choose user friendly test values(TV)  from each interval.  (Do not use the endpoints of the interval.)

 (4)  Replace the test values into the second derivative (not the original function) to determine if the  second derivative is positive or negative.

(5) If 
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 (positive) the function is concave up on that interval .  If 
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(negative)  the function is concave down on that interval .

Example A:   Determine the intervals where the function 
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    is concave up and concave down .  

(1)  
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Inflection Point (IP)  A point on the graph of a continuous function where the tangent line exists and where the concavity changes.

Example B:
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Notice that the graph crosses its tangent line at the inflection point.  

(II)  How to find Inflection Points of a Continuous Function

(1) Find the values of 
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,  where  
[image: image19.wmf]''()0

fx

=

 or where 
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 is undefined .  

Ensure that these values are in the domain of the original function!!!   If they are not in the domain, discard them.

(2)  Find the Intervals where the Function is concave up and concave down.

(3)  The point where the graph changes from concave up to concave down or from concave down to concave up is the inflection point (x,y).   

Example C:   Determine the inflection point of the function 
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(3)The point where the graph changes concavity occurs at 
[image: image29.wmf]1

x

=-

.  The actual inflection point  is 
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.  The inflection point is 
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Example D:   Determine the intervals where the function 
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   is concave up and concave down .   Also find its inflection point.  

Example E:   Determine the intervals where the function 
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   is concave up and concave down .   Also find its inflection point.  

Example F:   Determine the intervals where the function  
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  is concave up and concave down .   Also find its inflection point.  

The Second Derivative Test

This test is direct consequence of the concavity test.  Suppose the function f ''  is continuous near c.

(a) If f'(c) = 0 and f''(c) > 0, (The graph is CU.) then the function  has a relative (local) minimum at c.  The relative (local) minimum is the number f(c).


(b) If f'(c) = 0 and f''(c) < 0, (The graph is CD.) then the function has a relative (local) maximum at c.  The relative (local) maximum is the number f(c).


(c) If f''(c) = 0, the test fails; the test is inconclusive.  Use a different test.
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