
AVERAGE (AND INSTANTANEOUS) RATE OF CHANGE 

Here is an alternative definition of the average rate of change which is

 equivalent to   
[image: image21.png]As h approaches zero, Q approaches-F.



.

Here we have two points, P and Q,   on the graph of  y = f(x) that are h

 units apart on the x-axis.

The point P has coordinates    (x, f(x)).

The point Q has coordinates    (x + h, f(x+h)).

The average rate of change between these TWO points is slope of the secant line :(A secant line is a line that intersects a graph at two points.)
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y = f(x)
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Q (x + h, f(x+h))
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To find the instantaneous rate of change of the function at ONE given point x,  we will find the slope of the tangent line at the point (x, f(x)). To do this,  we will evolve the secant line into a tangent line. (A tangent line is a line which intersects  the graph at just one point, going in the same direction of the graph.)       
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The  function y = f(x), has  two points P (x, f(x))  and    Q (x + h, f(x+h)).
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       (x + h, f(x+h))
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                                       (x, f(x)) 

Here we have two points, P and Q,  that are h units apart on the x-axis.  The slope of the secant line is 
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.  To evolve the secant line into a tangent line, we will let Q approach P by letting h approach 0.  That is, point Q will move to the positions Q
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, all the way to the point P as h
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0.  

As h
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0, Q gets closer and closer to P and the secant line becomes a tangent line at the point (x, f(x)).  The slope of this tangent line is given by the formula 
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, and is defined to be the derivative f’(x): 

 the instantaneous rate of change of  f at x, [i. e. at the point  (x, f(x))] ; that is, the instantaneous rate of change of the  function f occurring exactly at that point (x, f(x)).  This rate of change will either be increasing, decreasing, or 0.

The derivative of f, is denoted  by f’(x) =  
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A new function  y = f(x)  is shown below below.  Let us consider the signs   (positive or negative) of the  derivatives at various points:

At  x = a   i.e.  the point  (a, f(a)) ,   at  x = b  i.e.  the point  (b, f(b))   and                               

at  x = c   i.e.  the point  (c, f(c))





      
                                               (b, f(b))  

                                                                      (c, f(c))

                        (a, f(a))   

                                         a      b              c

f'(a) denotes the derivative (the slope of the tangent line) at the point 

x = a   i.e. at the point  (a, f(a)).       f'(b) and f'(c) are  similarly defined.

At x = a:  Is  f'(a) > 0 ,  f'(a) < 0 or f'(a) = 0 ? How is the graph behaving  at x = a ?      Is it increasing , decreasing or constant ?

At x = b: Is  f'(b) > 0 ,  f'(b) < 0 or f'(b) = 0 ? How is the graph behaving at x = b ?       Is it increasing , decreasing or constant ?

At x = c: Is  f'(c) > 0 ,  f'(c) < 0 or f'(c) = 0 ? How is the graph behaving at x = c ?    Is it increasing , decreasing or constant ?



               GENERAL CONCLUSIONS


                                                                   (0,4)


When   f'(x) > 0, for each value x in an interval, f is ________________  on that interval.

When   f'(x) =  0, for each value x in an interval, f is ________________  on that interval.    

When   f'(x) < 0, for each value x in an interval, f is ________________  on that interval.    

THREE LAST NOTES:  

(1) In calculus, the words “rate of change” is equivalent to  “instantaneous rate of change”.    (Average rate of change  just means average rate of change.)

(2) The point (0,4) is a turning point, where the graph transitions from an increasing function to a decreasing function ( or visa versa).  In Calculus, this point ( 0,4) corresponds to a relative maximum.  The actual relative maximum is the  number 4, the y-coordinate of this point.

(3)  At a relative maximum (or minimum), the derivative is 0.

Here, f'(0) = 0 since the tangent line is a horizontal line, having slope 0.
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